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Abstract 

In various application fields, tensor type data are used recently and then 
a typical rank is important. Although there may be more than one typical 
ranks over the real number field, a generic rank over the complex number field 
is the minimum number of them. The set of n-tensors of type p\ x x • • • x p n 
is called perfect, if it has a typical rank max(pi, . . . ,p n )- In this paper, we 
determine perfect types of n-tensor. 



1 Introduction 



An pi x p 2 x • • • x p n tensor over a field F is an element of the tensor product of 
n vector spaces F Pl , F P2 , . . . , F p?l . Thus every tensor can be expressed as a sum of 
tensors of the form a\ ® a 2 <8> ■ • • <8> o, n for a, e F Pi , i — 1, 2, . . . , n. The rank rankp T 
of a tensor T means that the minimum number r of rank one tensors which express 
O ! T as a sum. The rank depends on the field. 

The set T(pi, . . . ,p n ; F) of all pi x ■ • • x p n tensors is F Pl x • ■ ■ x F Pn as a set. We 
consider the Euclidean topology on F Pl x ■ ■ • x F Pn = F Pl ' " Pn as a topology on the 
X ; set T(p 1} ...,p n ; F). 

Now let F be the real number field M or the complex number field C. A typical 
rank, denoted by typicaLrank F (pi, . . . ,p n ), of T(pi, . . . ,p n ; F) is defined as the set 
of integers r such that the set of rank r tensors has a positive Lebesgue measure 
in T(pi, . . . ,p n ; F). A typical rank of tensors is one of important tools for experi- 
mental simulation. We know a typical rank of 3-tensors of special types, ten Berge 
obtained that the typical rank of m x n x 2 tensors is min(n, 2m) if 2 < m < n and 
{min(n, 2m), min(n + 1,2m)} if 2 < m — n [Z], and the minimum number of the 
typical rank of mx nx p tensors with 3 < m < n is just min(p, mn) if p > (m — l)n 
[6] over the real number field. In [3] we considered a generic form of m x n x 3 
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tensors. Recently, Comon et al. j2] studied the minimum number of the typical 
rank of 3-tensors by using the Jacobian of the map 

R 

{a(r),b(r), c(r)} -> T = ^ o(r) b(r) c(r). 

r=l 

In contrast to that there may be more than one typical ranks over the real number 
field, we remark that a typical rank of n-tensors over the complex number field 
consists of just one number and thus it is called a generic rank. In this paper, we 
consider the smallest typical rank of n-tensors over the real number field. It is equal 
to the unique typical rank of n-tensors over the complex number field (cf. [5]). 

A format (pi, . . . ,p n ) is called "perfect" if max(»i, . . . ,p n ) is a typical rank of 
T(pi, . . . ,p n ; R). Suppose that 2 < p\ < p 2 < p%. In [BJ, p\ x pi x p 3 tensor is called 
"tall" if P1P2 — P2 < P3 < P1P2 and tall pi x p 2 x p 3 tensors have a unique typical 
rank p 3 . Thus (pi,P2,P3) is perfect if p\p 2 — P2 < P3 < PiP2- More generally, if 
P1P2 — Pi — P2 + 2 < P3 < P1P2 then (pi,P2,P3) is perfect (see [H exercise 20.6, page 
535]). We extend this result for 72,-tensors. Our main theorem is as follows. 

Theorem 1.1 Suppose that n > 2 and 2 < pi < ■ ■ ■ < p n . Let q = p± ■ ■ -p n — 

(pi + ■ ■ ■ + p n ) + n. If q < p n+ \ < pi ■ ■ -p n then p n+ \ is the smallest typical rank of 
Px x • • ■ x p n+ i tensors and (pi, . . . ,p n +i) is perfect. Conversely if (pi, . . . ,p n +i) is 
perfect then q < p n+1 <P\---p n . 

We show the theorem in the next section. 



2 Proof of Theorem 1.1 



In this section we give a proof of Theorem II .![ First we give a range of typical ranks. 

Lemma 2.1 Let 2 < pi < p 2 < ■ ■ ■ < p n +i < Pi • • 'Pn- A typical rank of pi x ■ ■ • x 
p n +i tensors is greater than or equal to p n +i o,nd less than or equal to p\P2 • • -p n - 

Proof Let A = (A±; • • • ; A Pn+1 ) be an p\ x • • • x p n +i tensor, where Aj is a p\ x 
• • • x p n tensor for j = 1, . . . ,p n +i- Let consider the vector space V spanned by 
Ai, . . . , A Pn+1 . We denote by f(Aj) a column vector given by flattening of Aj. Note 
that 

rank(A) > rank(/(A), . . . , f(A Pn+1 )) = dimV. 

If dimV^ < pn+i then all p n+ i-minors of the matrix (f(Ai) ■■■ ,f(A Pn+1 )) are 
zero. Thus {(Xl; • • • ; X Pn+1 ) \ dim(Xi, . . . , X Pn+1 ) = p n +i} is a Zariski open set in 
T(pi, . . . ,p n +i) — F pl "' Pn+1 . Thus a typical rank is greater than or equal to p n +i- 
In general A = (ai 1 i 2 ...i n i n+1 ) is described as a sum of p\ • ■ -p n rank one tensors 



• • • eS" } (a h ... inl , . . . , a h ... inPn+1 ), 



where e| is the i-th row vector of the pj x pj identity matrix. Thus rank(A) < 
Pi ■ ■ -p n - ■ 
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Let ipi 



SPiH hPn 



— > T(pi, . . . ,p n ) be a map defined by 



<fi(ai, . . . ,a n ) = oi ■ • • a n 
and ip: ]R^ 1+ '" +p "' )r — > T(pi, . . . ,p n ) be a map defined by 

^(af\... ) ai 1 ),... ) ar\...,aW) = X:^(af\...,aW). 



ft=i 



Put 



Mai, . . . ,a r 



( E P1 a 2 • • • Q>n \ 
ai E P2 • • • (8) a n 



(2.2) 



\ai • ■ ■ £ Pny / 
for ai G . . ., a n G IR Pn . Then the Jacobian «/(<£>) of at 



(a x \ . . . , a n ^ , . . . , a x , . . . , 



is given by 



If r is a typical rank of T(pi,p2,P3) then 

■ ■ < r < min{p 1 p 2 ,piP3,P2P3) 

P1+P2+P3-2 

[21 E]. This result also holds for n-tensors. 

Proposition 2.3 A typical rank of p\ x • • • x p n tensors is greater than or equal to 

P1P2 •••Pn 

Pi + P2 H VPn-n + l 

and less than or equal to 

min(p 2 P3 • • -Pn,PlP3 ■■■Pn,-- -,PlP2 ' ' 'Pn-l)- 

Proof Let consider the Segre embedding which is a map of projective spaces 

RPP1- 1 X---X RP^ 1 -> RFPi"Pn-l 

induced by the tensor product map ip±. The image im(y?i) has dimension pi + P2 + 
■ ■ ■ + Pn — n - Since {ai . . . a n \ a,j G MP j } is the affine cone of im(<^i), it's 
dimension is pi + P2 + • • • + Pn ~ n + 1- If r is a typical rank of T(pi, . . . , p n ), then 
dimT(pi, . . . ,p n ) < r dim(im(<^i)) and thus 



Pl+P2~\ VPn-n+l 
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From now on, let 2 < p\ < p 2 < ■ ■ ■ < p n and put q = p\p 2 • • • p n — {pi + P2 + 
' ' ' +Pn) +n. Suppose that q < p n +i < P1P2 • ■ -Pn- By Lemma [27T1 it suffices to show 
that the Jacobian J(<p) has full rank at some point. 

Let S be a subset of 

{(fci, . .., k n ) I 1 < kj < pj, j = 1, . . .n} 
with cardinality p n +i which contains 

S = {(h, . . . , k n ) I 1 < kj < p h #{j I kj = pj} 7^n-l} 

and let /: S — > {1, 2, . . . ,p n +i} be a bijection. 

We define maps ui, u 2 , ■ ■ ■ ,u n by Uj(xi, . . . , x n ) = if j (x 1 , . . . ,x n ) — 1 

if x s = p s for some s ^ j and otherwise Uj(xi, . . . , x n ) — Xj + 1, for = 1, . . . , n. 

We denote by e,,- the jth row vector of the identity matrix. We put a^ 1 G W h , 
h = 1, . . . , n + 1, as 

a f(L...,M = e fe?j +^(fci,...,A; n )e Ph) 1 < ft < n 

(n+l) 

a f(k u ...,k n ) ~ e f(ki,-,kn) 

for all (fci, . . . , A;„) G S 1 . 

We denote the row vector x as (x(ki, . . . , & n +i)) if 

x = ^ x{k 1 ,...,k n+1 )e kl ®---®e kn+1 . 

k\ ,...,/c n _|_i 

Let g: — )■ . . . ,1), . . . , . . . ,p n +i)] be a map defined by 

g{ h ki,..,k n+1 e kl ® • ■ ■ ® e fcn+1 ) = ^ h^k^xih, k n+l ). 

fci,...,fc n +i fci,...,fc n +i 

Note that g is linear, that is, it holds that 

gisxyx + s 2 y 2 ) = siS'd/i) + ^2^(2/2) 

for si, s 2 G R and 2/1,2/2 G M Pl " Pn+1 . We abbreviate e ix <g> • • • ® e in to e(zi, . . . , z n ), 
Uj(ki, . . . , A; n ) to ttj, and . . . , i' n ) to Wj. Then ...,«„) = g(e(ii, . . . , z n )). 

Put 

z = (a x , . . . , a x , . . . , , • • • , ) • 

We prepare three lemmas to show that the equation J(if(z))x T = has no nonzero 
solution. 

Lemma 2.4 Let n > 2. Suppose that 

g((e kl + e Pl ) <g> • • • <g> (e fen + e p J) = 
/or any (fci, . . . , k n ) G i?o \ {(pi: ■ ■ ■ >.Pn)}- TTien «i /to/ds i/iai 

x(h,k 2 , . . . ,k n ) = (-l) n ~ 1 (x(k 1 ,p 2 ,p 3 , ...,p n ) + x(p 1 ,k 2 ,P3, ...,p n ) 

H hz(pi,p 2 , •••,Pn-l,&n) + ("- l)x(pi,P2, • • • ,Pn))- 



4 



Proof We show the assertion by induction on n. If n = 2 then the assertion 
g(e kl g> e k2 ) = -g{e kl ® e P2 + e pi <g> e fe J - #(e pi ® e P2 ) 

follows from 

(e kl + e Pl ) <g> (e fc2 + e P2 ) = e fcl <g> e te + (e fel <g> e pi ® e p2 . 

Put 

W n = e(ki,p 2 ,...,e Pn ) + e(p 1 ,k 2 ,P3,---,e Pn ) + --- + e(p 1 ,...,e Pn _ 1 ,e kn ) 

for short. We have 

{W n +ne(p u . . .,p n )) <g> (e kn+1 + e Pn+1 ) 

n 

= JZ(c(pi, • • • ,Ph-i, k h ,p h+1 , . . .,p n , k n +i) 

h=l 

+ c(pi, . . . ® (e fcn+1 + e Pn+1 )) + W n ® 

= 0. 

As the induction assumption, we assume that 

#((e fcl + e pi ) ® • • • (8) (e fen + e p J) = 

implies 

g(e(k u . . . , fc n )) = (-l) n ^g(W n + (n- l)e( Plj . . . ,p n )) 
for any [k\, . . . , k n ) and any (pi, . . . ,Pn)- Then we have 

= g((e kl + e Pl ) <g> • • • <g> (e fen + e p J <g> (e fcn+1 + e Pn+1 )) 
= g((e(h, ...,k n ) + (-l) n (W n + (n- l)e( Pl , . . ., Pn ))) ® (e fcn+1 + e Pn+1 )) 
= ^((e(fei, . . . , fc n ) - (-l) n e(pi, . . . ,p n )) <g> (e fen+1 + e Pn+1 )) 
= #(e(fc 1; . . . , Avh-i) + (-l) n_1 (Wn + (n - l)e(pi, . . . ,p n )) <8> e Pn+1 

- (-l)"e(pi, ■ ■ ■ ,p n ) ® (e fcn+1 + e Pn+1 )) 
= 5 , (e(fci, . . . , fc n+ i) - (-l) n [W n+1 + ne{p x , . . . ,p„+i)]) 

Therefore the assertion holds for n + 1. I 

Lemma 2.5 VFe suppose that v\ = 1 if n = 1. If 

#((e^ + wie Pl ) • • • (e^ + v„e p J) = 
/or any 1 < i'j < Pj, j — 1, . . . , n such that . . . , i' n ) ^ (pi, . . . ,p n ) i/ien 

#((e fcl + UiCpJ ■ ■ • (e fcn + f„e p J) = (m - 1) ■ • • - l)s(pi, . . . ,p n ). 
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Proof We show the assertion by induction on n. If n = 1 then 

g(e kl + u x e pi ) = g((e kl + u x e pi ) - (e kl + v x e pi )) 
= (tti - l)x(pi). 

As the induction assumption, we assume that the assertion holds for n and any 
p x , . . .,p n . Putting /3 = u x (i x ,i 2 , • • • , k n+x ), we have 

9((e kl + u x e pi ) <8> • • • <8 (e fcn+1 + w n+1 e Pn+1 )) 

= ^((efc! + «ie Pl ) (8) • • ■ <gi (e fcn + w„e Pn ) ® (e K+1 + /3e Pn+1 )) 

+ (n n+ i - /3)g((e kl + u x e pi ) ® ■ - ■ ® (e fcn + u„e p J ® e Pn+1 )) 
= Oi - 1) • • • (u n - l)g(e(p x , ...,p n )® (e kn+1 + pe Pn+1 ))) 

+ (u x - 1) ■ ■ • (u n - l)(u n+1 - /3)g(e(p x , ...,p n )® e Pn+1 ) 
= (u x - 1) ■ • • (« n - l)^(e(pi, . . . ,p n ) (8) e fcn+1 ) 

+ Oi - 1) • • • (u n - l)u n+x g(e(p x ,p 2 , . . . ,p n +i)) 

= -l(u X - 1) • ■ • (u n - i)x(p 1 ,p 2 , ■ ■ ■ ,Pn+l) 
+ (u X - 1) ■ • ■ (u n - l)u n+1 x(p 1 ,p 2 , ■ ■ ■ ,P n +l) 
= (Ux - 1) • • • (u n+x - l)x(p 1 ,p 2 , ■ ■ ■ ,Pn+l)- 

We complete the proof. I 

Lemma 2.6 Suppose that n = 2, 2 < pi < p 2 < p-s, p x p 2 — Pi — Pi + 3 < p 3 < p±p 2 - 
Then the equation J((p(z))x T = implies x = 0. 

Proof The equation J((p(z))x T = indicate 

x(i[, k 2 , f(k x , k 2 )) + u 2 x(i[,p 2 , f(k x , k 2 )) = 0, (2.7) 

x(k 2 ,i' 2 J(k x ,k 2 ))+u x x(p x ,i' 2 ,f(k x ,k 2 )) = 0, (2.8) 
x(h,i 2 , f(k h k 2 )) + v x x(p x ,i 2 , f(k x , k 2 )) + v 2 x(i x ,p 2 , f(k x , k 2 )) 

+v 1 v 2 x(p 1 ,p 2 ,f(k 1 ,k 2 )) = 0, (2.9) 

for I < i'i < pi, 1 < i 2 < p 2 , and (i x , i 2 ), (k x , k 2 ) G S. The equation (12. 9p for 
(i'nQ = (Pi,P2) is 

x(p x ,p 2 ,f(k x ,k 2 )) = 0, (2.10) 

Thus by (12.101) , the equations (12. 7p for i[ = p x and (12.81) for i' 2 = p 2 and (12.91) are 

x(p x ,k 2 ,f(k x ,k 2 )) = (2.11) 
x(k x ,p 2 J(k Xl k 2 )) = (2.12) 
x(ii,i 2 ,f(k x ,k 2 ))+v x x(p x ,i 2 ,f(k x ,k 2 ))+v 2 x(i x ,p 2 ,f(k x ,k 2 )) = (2.13) 

for 1 < i x < p x , 1 < i 2 < p 2 and (i x ,i 2 ), (k x , k 2 ) G S. If {k x , k 2 ) = (pi,p 2 ) then 

x(i x ,i 2 ,f(p x ,p 2 )) = 
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for 1 < h < pi and 1 < i 2 < p 2 by (12TLT) . f l2TT2l) and f TZT3l) . Put together with 
fT2TT0D . (gllTD and fT2TT2D . we get 

z(i'li*2i/(Pl,P2)) = 

for 1 < i[ < pi and 1 < i' 2 < p 2 . 

Now we show that ar(ij_, z 2 , /(/^l, fe)) = for 1 < i[ < pi, 1 < i' 2 < p 2 , (k±, k 2 ) G S 
and (ki,k 2 ) ^ (pi,P2)- Suppose that (ki,k 2 ) ^ {pi,P2)- It follows from (ki,k 2 ) G S 
that A?! < pi and A; 2 < p 2 . By combining (12.71) for i[ = z 1; (12. lip and (I2.13P for 
i 2 = k 2 , we have 

{u 2 {h,k 2 ) - u 2 (k 1} k 2 ))x(i 1 ,p 2 ,f(k 1 , k 2 )) = 
for 1 < %i < pi. Thus 

x(h,P2, f(h, k 2 )) = 

for 1 < %\ < pi, %\ 7^ k\. Therefore x(i[,p 2 , f(k\, k 2 )) = for 1 < i[ < p\ by (12.101) 
and fl2~T2|) . Similarly by combining ([2l§ for z' 2 = i 2 , fl2~T2|) and fl2T3|) for i x = h, 
we have 

{u x {k u i 2 ) -u 1 {k 1 ,k 2 ))x{p 1 ,i 2 J{k 1 ,k 2 )) = 

which induces 

x{px,i 2 J{k 1 ,k 2 )) = 

for 1 < i 2 < p 2 , j 7^ k 2 , and thus x(pi, i' 2 , f{k\, k 2 )) = for 1 < z 2 < p 2 and 
(jfci, /c 2 ) e 5 by fl2TTUD and fl2~TTD . Thus by (121T3D again, we get x(i u i 2 , f(h, k 2 )) = 
for 1 < i\ < pi, 1 < i 2 < p 2 . Therefore x(i[, i 2 , f(ki, k 2 )) = for 1 < i[ < pi, 
1 < z 2 < P2- Consequently we get x — 0. I 

Theorem 2.14 T/ie equation J({p(z))x T = implies x = under the assumption 
in Theorem M.A 

Proof We consider the linear equation J{(p{z))x T = 0. This equation is equivalent 
to 

^ 1 (4 1) ,...,4 n+1) )a ; T = 0, l<A;<p n . 
By ( 12. 21) . these equations indicate the following: 

g(a^ ® ® o^ 3) ® • • • <g> 

^(a^ ® • ■ ■ ® ® e, t , ®4 n+1) ) 

5 (ai 1) ®---®ai n - 1) ®4 n) ®e l , J 



= 0, 

= 0, 

= o, 

= 0. 
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for 1 < k < p n . In this proof, we always assume that i'j is taken over 1,2,... ,pj for 
each j = I, ... ,n. Thus 

g((ei' L ® (e k2 + u 2 e P2 ) ® • ■ ■ ® (e fe „ + u n e Pn ) ® e/ (feli ... ifcll )) = 0, (2.15) 
£f((e fcl + uie Pl ) (8) ® (e fc3 + %e P3 ) ® ■ • • <g> e /(fclv .. ifcn) ) = 0,(2.16) 

#((e fcl +wie pi ) <g> ■■■®{e kn _ l + u n _ 1 e Pn _ 1 ) ®e Vn ® e /(feli ... ifcii )) = 0, (2.17) 
g((e h + V!e Pl ) ® ■ ■ ■ ® (e in + v n e Pn ) ® e f{kli .„ tkn) ) = 0.(2.18) 

for any . . . ,i n ), (hi, ...,k n )e S. 

We show the assertion by induction on n. The assertion for n = 2 holds by 
Lemma 12.61 We suppose that n > 3 and the assertion holds for n — 1 as the 
induction assumption. 

By putting {i\, . . . , i' n ) = {pi, . . . ,p n ), we get 

x(p ll ...,p n J(k 1 ,...,k n )) = (2.19) 

for any (fci, . . . , fc n ) G S*. Now let fc n = p n . Put /i = f(ki, . . . , k n -i,p n ) for short. 
Then iti = ••• = = 1 and u n = 0. By the n equations (12. 151) - (12.171) . the 

induction assumption yields us 

x(i , 1 ,...,i' n _ 1 ,Pn,fi)=0 (2.20) 

for any [k\, . . . , k n -i,p n ) G S and any i[, . . . , i' n _ 1 . Then, by (12.181) we get 

g((e h + vie Pl ) <g> • • • <g> (e^ + ^-le^J <g> e in <g> e/J = (2.21) 

for all (ii, . . . , i n ) G S*. This equation and (I2.17P indicate 

x(pi,...,p n -i,i n ,fi)=0 (2.22) 

by Lemma 12.51 if i n < p n . Suppose that i n < p n . In the equation (12.211) we put 
ij = Pj for n — 2 numbers j's with j < n and get 

x(i 1 ,p 2 , ■ ■ ■ ,p n -x,i n , fi) = ■■■ = x(p 1 , . . . ,Pn-2,in-l,in,fl) = 

for 1 < ij < pj, j — 1, ... ,7i, and thus 

x(i' 1 ,p 2 , . . . ,p n -l,in,fl) = ■■■ = x{px, . . . ,Pn-2,*n-l,«n } /l) = (2.23) 

for any . . . , i' n by (12.221) . In the equation (12.211) we put ij = pj for n — 3 numbers 
j's and get 

x(il,i 2 ,P3, ■ ■ -,Pn-l,in, fl) = ■■■ = X(pi, • • • , p n -3, *ra-2, «n-l , in, fl) = 

for 1 < ij < pj, j — 1, ... ,7i, and thus 

^(«i,i 2 >P3,---,Pn-l,«n,/l) = •• • = X(pi,.. . ,p re _ 3 ,4_2>4-l^n,/l) = 
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by (12.2311 . And go on, finally we get 

x(i[,...,i' n _ 1 ,i n ,f 1 ) = 
for any i[, . . . , %' n _ x and any 1 < i n < p n and then by ( 12.201) 

x (hi • • • ) V-ij Kii /i) = 
for any i[, . . . ,i' n . If we consider the similar argument for j instead of n, we have 

for any i[, . . . ,i' n and any (k±, . . . , k n ) G S with kj = pj for some j. 
To complete the proof, it suffices to show that 



1; • • • > 'ni 7(^1) ■ ■ ■ 3 fcfi)) — 



for any z^,...,^ and any (&!,...,&„) G 5 1 with fcj < p, for each j. Let / 2 
/(fci, . . . , k n ) for short. By putting i n = p n in (12.1 81) . we get 

g((e h + e pi ) g) • ■ • <g> (e^ + e^.J ® e Pn ® e /2 ) = 

for (ii, . . . , z n _i,p n ) G /S. By Lemma [2^ we have 

= g((e(i 1 ,p 2 , . . . ,p n -i) H h e(pi, . . . ,p n _ 2l « n -i) 

+ (n-2)e(pi,...,p n _i))<g>e(p n ,/ 2 )) 
= g((e(ii,P2, ■ ■ ■ ,Pn-i) H 1- e(pi, . . . ,p n -2, «n-i)) ® e(p n , / 2 )). 

Thus 

<K(e(ii,p 2 , • • ■ ,Pn) H H c(pi, . . . ,p n _ 2 , V-i,Pn)) ® e /2 ) = 0. 

Similarly, for each j — 1, . . . , n — 1, by putting i,- = p, in (12.181) . we get 

^((e(pi,i 2 ,P3, ■ ■ ■ ,Pn) H h e(pi, . . . ,p„_i,z„)) ® e /2 ) = 0, 



Since 



g((e(i 1 ,p 2 , . . . ,p re ) H 

A ■■■ A 

V 1 ■■■ V 



e(pi, . . . ,p p _3,pi_ 2 ,p re _i,p re ) 
+e(p!, . . . ,p„-i,i„)) ® e /2 ) 



0. 



-fir 



(-ir(n-i), 



we have 



x(zi,p 2 , • • • ,Pn,/2) = • - - = x(pi, . . . ,p„_i,z n ,/ 2 ) = 
for 1 < ij < pj, j = 1, . . . , n, and then 

x(i[,p2, • • • ,p„,/ 2 ) = • • • = x(pi, . . . ,p„_i,C/ 2 ) = 
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for all i[, . . . , i' n , since x(p\,p 2 , ■ ■ ■ ,p n , f 2 ) — 0. By putting = pj for n — 2 numbers 
j's in the equation (I2.18P we get 

x(i 1: i 2 ,p 3 , . . . ,p„,/ 2 ) = • • ■ = z(pi, . . . ,p n - 2 ,i n -\,i n , ft) = 
for 1 < ij < pj, j = 1, . . . , n, and then 

x(i' 1 ,i , 2 ,P3,...,p n ,f 2 ) = ■■■ =x(pi,...,Pn-2,4-l>4>/2) = 

for all i[, . . . , i' n . And so on, we finally get 

/a) = 

for all i^, . . . , i' n . We complete the proof. I 

Now we show Theorem 11.11 

Proof of Theorem 11.11 Let r be a typical rank of p\ x • ■ • x p n+ i tensors. Then 
Pn+i < f < ■ • ■ Pn by Lemma 12.11 In particular, note that any integer less than 
Pn+i is not a typical rank. Since p n+ i > g, it holds that p n+ i is a typical rank by 
Theorem 12.141 

Conversely suppose that p n +i is a typical rank of p\ x • • • x p n +i tensors. By 
Proposition 12. 3[ 

. Pl---Pn+1 
Pn+1 > 



Pi H h Pn+i ~ n 

which implies that p n+ \ > g, and also, a typical rank is less than or equal to p\ ■ • • p n . 
Thus p n+ \ < pi ■ ■ -p n . We complete the proof. I 
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